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Summary, If 31.7 erg cm~2 is taken as the value of the specific free surface energy of an
ice-water interface at 0°C, good agreement is obtained between theoretically determined critical
temperatures for homogeneous nucleation in supercooled water and freezing experiments reported
by several investigators. It is shown theoretically that pure water, formed below about — 117°C,
will remain supercooled (or vitreous) for a very long time. The temperatures in mother of pearl
clouds are found to be — 85°C to — 100°C, and the concentration of condensation nuclei is about
0.5 cm=3, The growth of the cloud particles is calculated for the three cases: supercooled water
droplets, ice spheres formed by sublimation and supercooled solutions of nucleus matter which
freeze when the necessary degree of dilution is reached. Particle radii of 1.2u or less have been
found. It is shown theoretically that the particle size spectrum is very narrow, in agreement with
the brilliant iridescence very often observed. A marked asymmetry in the shape of the clouds
is found, not only in the case of supercooled droplets transforming into ice particles within the
cloud, but also in the case of pure water clouds.

1. Introduction. The nature of mother of pearl clouds has been discussed
since the first observations of these clouds were made around 1870. By that time ob-
servations of temperature, wind and humidity from the upper air were not available,
and the height of the clouds had not been measured with sufficient accuracy. The first
reliable determination of the height of mother of pear] clouds was made by STerMER
(1930), who found that the clouds which occurred over Southern Norway on 26th
December 1926 were situated at a height of 27 km. This, in addition to an improved
general understanding of the conditions in the lower stratosphere, made it possible
to start the study of the formation and nature of mother of pearl clouds anew on a more
sound basis. For instance, the assumption that the clouds might possibly consist of other
substances than water in any form has gradually lost its validity. It is now generally
accepted that mother of pearl clouds consist of water substance, either in the liquid
or in the solid phase.
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The synoptic weather situations which lead to the formation of mother of pearl
clouds have been studied by Hesstvept (1959). It has been found that the clouds can
only be expected to form when certain criteria are fulfilled, especially regarding the
vertical variation of temperature and wind. This, in combination with some recent
theoretical investigations of the formation of mountain waves, made by ParLm and
Forpvik (1960), makes it probable that mother of pear] clouds are created as lenticular
clouds on the crests of mountain waves.

The first part of the present paper (sections 2—9) contains a discussion of some
physical properties of water and ice at temperatures ranging from the nominal freezing
point to somewhat below — 100°C. In earlier works it has often been suggested that
mother of pearl clouds consist of supercooled water droplets. This suggestion was mainly
based upon the idea that the brilliant iridescence associated with the clouds is possible
only in the presence of water droplets. However, iridescence may well occur if the
clouds consist of ice spheres. Furthermore, the scattering of light is likely to be inde-
pendent of the shape of the particles when their size is only a few wavelengths. This
optical phenomenon, therefore, does not justify any conclusions as to the physical
nature of the cloud particles: they may be ordinary ice crystals, possibly spherical
aggregates of minute crystals, or supercooled water droplets, including the so-called
“amorphous” or “vitreous ice” (Mason, 1952).

To the author’s knowledge, no other observations have been made which make it
possible to decide whether mother of pearl clouds are water clouds or ice clouds. The
results obtained in sections 8 and 9 still leave this question unanswered. It is, however,
shown that below about - 70°C the possibility of supercooling water increases rapidly
with decreasing temperature. But since the temperatures in mother of pearl clouds are
ranging from — 85°C to — 100°C, the accuracy of the results obtained is not sufficient
to draw definite conclusions as to the nature of the clouds. Furthermore, the effect of
the dissolved nucleus upon the freezing process is an unknown factor.

In the second part of the paper (sections 10—13) the growth of mother of pearl
cloud particles has been calculated, assuming they are supercooled water droplets,
ice particles or supercooled droplets which freeze after some time. Here, too, occur un-
certainties in the results since so many of the quantities involved in the equations have
never been measured. Reliable quantitative results can not be expected until extended
observational data are available. It is, however, felt that the assumptions and extra-

polations made are such that it is not likely that the conclusions which have been drawn
are qualitatively misleading.

2. Supercooling of water. There is now general agreement among the cloud
physicists concerning the existence of a temperature threshold, near — 40°C, below
which supercooling of pure water is impossible or at least only possible under extra-
ordinary circumstances. During the last fifteen years a series of experiments have been
made, and with a few exceptions supercooling below about — 40°C has not been achie-
ved. Furthermore, the experiments, which cover different parts of the droplet size
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spectrum, from radii below 1u to above 1 mm, seem to bear each other out. Some of
the results are plotted in Fig. 1. Biee (1953), Mossop (1955), Jacosr (1955), CarTE
(1956) and LancHaM and Mason (1958) have made very careful measurements
showing the relationship between the maximum supercooling and the droplet size.
Other investigators, such as Mever and Prarr (1935), Lararcue (1950), Pounp,
Maponna and PeARE (1953), WyLE (1953) and BavarperLe (1955) give only approxi-
mate values of temperature and water volume, but their data may be said to confirm
the results mentioned above, since no serious disagreements exist. Some experiments
which resulted in considerably smaller supercooling have been omitted, since it is felt
that the deviating results, when compared with the above mentioned investigations,
are caused by contaminations or by less-advanced technical facilities.

From the experimental plots in Fig. 1 we may define a curve representing the
maximum supercooling of pure water droplets as a function of the droplet radius.
One might for instance define such a curve by making use of the lowest critical tempera-
ture for each droplet size, claiming that these temperatures represent the most successful
experiments. It is, however, felt that a more representative curve is obtained from the
mean values of the results of Bicg, Mossop, Jacos), and LaNncaam and Mason. Such
a curve would not deviate much from the theoretically predicted curve € in Fig. 1.
It is worth noting that the difference between the critical temperatures obtained from
the two definitions mentioned above would be about 1°C only.

In serious contradiction to the results plotted in Fig. 1 Rau (1944) claims to have
supercooled water to — 72°C. CwiLoNG (1947) and BREWER and PaLmER (1951) have
repeated RAU’s experiments, but were unable to reproduce his result unless the water
droplets were contaminated with alcohol.

An interesting supercooling experiment should be mentioned here: RosENgvisT
(1959), who used a very high rate of cooling, succeeded in supercooling a small volume
of water to about — 80°C for a few seconds. Repeated tests showed freezing at quite
different temperatures, and his result can only be appraised when systematic freezing
experiments of a similar kind have been made. In any case, the conditions in Rosen-
QvisT’s experiment differ so widely from the nearly stationary conditions used by many
other investigators that a direct comparison is probably not justified. RosEngvist’s
result is, therefore, not necessarily in contradiction to the plots in Fig. 1, and a curve
defining the maximum supercooling for droplets of various sizes may still have its
validity.

The physical nature of the spontancous freezing at the “— 40°C transition’ has
been discussed since its recognition at the end of the Second World War. Two possi-
bilities exist: the crystallization may take place on solid foreign particles which can
not be removed from the water by the techniques used (heterogeneous nucleation),
or it may take place in entirely pure water without the aid of foreign nuclei (homo-
geneous nucleation). So far, this problem has not been completely solved. In spite of
the advanced technical facilities for purification of water, one cannot, of course, com-
pletely exclude the possibility that the freezing has been initiated by a foreign particle.
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On the other hand, VoLMER theory of homogeneous nucleation cannot readily be used
because some of the quantities occurring in the formulae have not been determined
with satisfactory accuracy. Nevertheless, at present, most cloud physicists regard it
as a fact that the “— 40°C transition” is due to homogeneous nucleation.

In section 3 we shall make some refinements of the general expression for the rate
of formation of ice embryo in a supercooled water droplet, and in section 7 we shall
use the only existing experimental determination of the interfacial energy ice-water,
and also a theoretical determination of the interfacial energy ice-water vapor, to predict
theoretically the maximum supercooling for water droplets of various sizes. The dis-
crepancy between theoretically and experimentally determined critical temperatures
amounts to about 9°C. A change of about 5 erg cm~2in the interfacial energies mentioned
above would, however, be sufficient to give complete agreement between theory and
experiments. It is therefore felt that the calculations below are favourable to the assump-
tion that the spontaneous freezing of water droplets around — 40°C is due to homo-
geneous nucleation.

3. The theory of homogenous nucleation. Soon after the occurrence of
Vormer’s textbook: “Kinetik der Phasenbildung” (1939), Krastanow (1940, 1941)
introduced well-known viewpoints from the phase transition theory in meteorological
problems. With the aid of expressions for the nucleation rates, given by VoLMER
(crystallization of supercooled water) and Becker and Doring (1935) (condensation
and sublimation in supersaturated water vapor), KrasTaNow was able to make quan-
titative determinations which threw new light on the processes leading to the forma-
tion of water droplets and ice crystals in the atmosphere. VOLMER’s expression has later
been given a more complete formulation by TurnBuLL and Fisuer (1949). Their
formulation is now generally accepted by cloud physicists and will also be used here:

kT ALW=
(3.1) ]:n—h—exp (——*]C'T—)

where 7 is the rate of formation of ice nuclei with a radius or “characteristic length”
> r*in 1 cm? of water, 7 is the number of molecules in 1 cm3 of water, & is Boltzmann’s
constant, / is Planck’s constant, 7 is the absolute temperature, 4 is the free activation
energy for selidiffusion of the water molecules and W* is the free energy of formation

of an ice nucleus of size r*. For spherical embryo an expression for W* has been deve-
loped by Gisss:

4
(3.2) W — g r*20,, .

where gy, ,« is the specific free interfacial energy ice-water, corrected for the curvature.
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In carlier works 7* has been given by the expression

Ty =~ 0, L(T,-T)
QiL/’,*h’L?O AN

(33) o Pmr 2T,

where g, is the density of ice, Ty is the freezing point of water, L, ,. is the curvature-
corrected value of the latent heat of fusion L, and oy, is the interfacial energy of a
plane ice-water surface. However, (3.3) is based upon the assumption that L, . is
independent of the temperature. Since this is not the case, a revision is necessary. Let
us consider a system consisting of an ice sphere of radius 7 surrounded by supercooled

water. If the chemical potentials of water and ice are denoted by @, and @,, we have

(3.4) d®, = vdp — P, dT
and
{2045
(3.5) d@i:vidp'—'f’idT=vidp—f—vid(7)-?’id7—

. 20
where 7, and v; are the specific volumes, p and p’ = p —}——rlg are the pressures and

¥, and ¥, are the entropies of water and ice, respectively. In the case of equilibrium we
have

(3.6) 7 =r*
and
(37) (ﬁw (ﬁ’ T) = ¢1 (l", T)

It the external pressure p is kept constant, combination of (3.4) and (3.5) gives, upon
integration and substitution of (3.6) and (3.7)

(3.8) o 2o

= 7,

L o
Qz.[ T dT

T

At — 40°C the use of (3.3) results in an error of about 209, in * and nearly 50%,
in W*. In the evaluation of the probable value of the interfacial energy ice-water, made
in section 7, the revised formula for r* implies a raise of more than 2 erg cm—2 compared
with results obtained from the formula previously used.
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4. Dependence of the latent heat of fusion and the interfacial energy upon
the curvature. Before we can calculate the critical radius 7* of the ice embryo from
(3.8), account must be taken of the influence of the curvature upon the latent heat
of fusion and the interfacial energy. An expression for the reduction of L;, due to the
curvature has been given by McDoNaLp (1953):

(4.1) Lo=1I— QleT
which in combination with (3.8) gives
T,
(4.2) Lyw=1— [ L’;r’*dT
T

This expression is very suitable for a step by step approximation of the values of L; ,.
Ty

L
and f ’T dT.

T

The effect of the curvature upon the surface tension vapor-water has been deter-
mined by Torman (1949). If we assume that ToLMAN’s results may be applied also for
the interfacial energy ice-water, we may write:

(4.3) =

Here 8 denotes the distance from the surface of tension to the so-called dividing surface.
In our calculations we shall assume 6 = 10~%cm.

Substitution of r* from (3.8) in (4.3) gives

Ty

, Ly
(4.4) O12, 2 = 0'12'—695]% daT

T

The validity of (4.3) for ice crystals in water will not be appraised in this paper.
In the calculations of the critical temperatures and interfacial energy (in section 7)
we shall follow two different approaches: a) the influence of the curvature of the embryo
upon the latent heat of fusion and the interfacial energy is given by (4.2) and (4.4),
alternatively b) the influence of the curvature shall be neglected. The values of the
interfacial energy obtained in these two ways differ by 2.4 erg cm~2 while the critical
temperatures differ by 4°C.
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It is interesting to note that, using the values of the interfacial energy obtained
in section 7, the relation

2

I _ 0y
(4.5) 7

L/, r*

proposed by McDonarp (1953), is fulfilled with a very high degree of accuracy. It
may further be shown that, in the temperature interval 0°C to — 50°C, the relation

is also approximately valid. The maximum deviation in the temperature interval 0°C
to — 50°C is smaller than 4%, Extrapolating below — 50°C, (4.6) therefore makes it
possible to estimate the latent heat of fusion below — 50°C if the interfacial energy is
known.

In the case of water droplets, the concepts of ““interfacial energy’”’ and “curvature”
have a well-defined meaning which needs no further explanation here. In the case
of ice crystals, however, the significance of these concepts is more difficult to interpret.
For instance, it is not strictly correct to talk about “the” interfacial energy ice-water.
In fact, the specific free surface energy is different for the different crystal faces. The
concept of interfacial energy, as used in this paper, represents a weighted mean value
for all crystal faces. We must therefore refer to a certain shape of the crystal. Mason
(1952) assumed the embryo to take the form of isometric hexagonal prisms with height
equal to the apical diameter. In this case the factor 4 in (3.2) has to be replaced by
a factor & = 22.93, while r* should be interpreted as the radius of a circle inscribed
the hexagon. A revision of (3.8) is also necessary. The factor 2 should be replaced by
1.91 for this specific crystal form. The numerical factor in (3.2), upon substitution of
(3.8), thereby changes from 167/3 to 27.9.

The concepts of “radius” and “curvature” of the critical embryo should be under-
stood as r*, as defined above.

5. Activation energy for self-diffusion. In the expression for the rate of for-
mation of ice embryo, (3.1), the activation energy for self-ditfusion of water molecules,
4, and the free energy increase associated with the formation of an ice embryo, W*,
occur side by side. If we calculate W*, using values of the interfacial energy found in
section 7, comparison may be made with extrapolated values of 4. It then turns out
that W* is dominating at temperatures from the freezing point to about — 35°C, and
an uncertainty in the determination of 4 will have only a slight influence on the
nucleation rate. However, while W* decreases with decreasing temperature, the oppo-
site is the case with 4. Below about — 50°C (se Fig. 2) we have 4 > W#*, and in the
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vicinity of — 100°C, W* is so small that ¥ depends entirely on 4. Physically, this means
that at such low temperatures, the difficulty involved in the formation of an ice nucleus
lies in the satisfaction of the energy requirements for maintenance of the self-diffusion,
while the energy necessary for the proper formation of the nucleus is negligibly small.
It should, however, be mentioned
that the number of molecules in  sf 51,
an embryo of critical size is so
small at very low temperatures
that it is no longer permissible to  »f
interpret such quantities as for
instance the interfacial energy as
statistical concepts. Below — 50°C
the curve showing the variation of 4|
W* with temperature must only
be regarded as an extrapolation
from the region where a statistical ¢
viewpoint may be used.
Consequently, at very low

16

temperatures, reliable values of BT T R R S TR R R ]

1 1
q
Temperature (°C) —

the nucleation rate 7 can only be

obtained if 4 is known with rela- Fig. 2. Comparison between the free surface energy W* of
an ice embryo of size r* and extrapolations of the activation

energy for self-diffusion in water, 4 {curved extrapolation)
and A’ (linear extrapolation).

tively great accuracy. Unfortu-
nately, this is not the case. Mc-
Donarp (1953) computed 4 from
viscosity data down to — 10°C,
taking into account the order of the liquid structure of water. Below — 10°C he pro-
posed a linear extrapolation (shown by the dashed curve A’ in Fig. 2), a procedure which
certainly represents a serious underestimation of 4 at very low temperatures. An attempt
to compute the activation energy at low temperatures from extrapolated data of visco-
sity and of the increasing order of the liquid structure of water is shown by the solid
curve 4 in Fig. 2. Though it is probable that this extrapolation represents an improve-
ment compared with the linear extrapolation, the results are still unreliable and
turther improvement would be highly desirable.

6. The interfacial energy ice-water. The interfacial energy ice-water has
been measured by KuBerka and ProkscHa (1944). They used capillaries and observed
the lowering of the melting point of ice due to the surface tension at the interface be-
tween the melting ice and the surrounding water. At — 4.8°C they found 6, = 25.4
erg cm—2 with deviations of about 109, from the mean value. The validity of KuBELKA
and ProxscHA’s procedure will not be appraised here; we shall only point out that
their value of g4, 25.4 erg cm~2 at — 4.8°C, is a reasonable one, compared with other
determinations (Jacosr, 1955).
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However, one single determination of the interfacial energy ice-water is not suffi-
cient to make use of (3.1) in proving that the “— 40°C transition” is due to homogeneous
nucleation. In order to find the variation of o,, with temperature, we shall make a useful
evaluation of the interfacial energy ice-vapor, oy,

Applying Antonov’s rule

(6.1) Oy3 = 013 + Ogs

and the expression for the surface tension water-vapor, oy, (ZEMANSKY, 1957)

TO_T 1.2 i
(6.2) O3 = 75.5 (1 + 36_8_) erg cm

a value of 102.1 erg cm=2 is found for ¢,5 at — 4.8°C. We shall now evaluate the de-
pendence of g;3 upon the temperature and shall, in principle, use a viewpoint intro-
duced by Mason (1952).

Mason tried to derive the value of 6,3 at — 40°C by considering the energy required
to separate two crystal surfaces parallel to the (0001) face. Mason used a value of 4500
cal mol~! for the H-bond strength and added 500 cal mol—! for the dispersion forces.
His “rough calculation” resulted in o3 = 102 erg cm—2, i.e. almost the same value
as obtained above for — 4.8°C. MasoN’s calculation has been criticized, but this seems
to be a misunderstanding due to a misleading sentence in his paper. From a slightly
different viewpoint, introduced by BriecLEs (1949), Jacos: (1955) gives 98.5 erg cm—2
as the most probable value of os.

Since the nature and the value of the forces between the molecular dipoles have
not been established with sufficient accuracy, the precise value of 043 can not be found
by this method at present. On the other hand, it is possible to make a very useful
statement as to the dependence of ¢y3 on the temperature. From the data given by
Rowrinson (1951) it is possible to evaluate the variation of the forces which occur in
his expression for the resultant force, for small variations in the intermolecular distance.
Applying a coefficient of cubical expansion of 1.5 . 104 deg=?, a value which is likely
to be in excess of the real mean value at low temperatures, we find that the variation
of 043 is less than 29 over a temperature range of 100°C. This means that, for our pur-
poses, o33 may be regarded as a constant. Since there is such good agreement between
Kuserka and ProxscuA’s and Mason’s values, we shall start the calculations in sec-
tion 7 making use of the following expression for o,,:

erg cm—2

TO_T 1.2
(6.3) 0y = 102.1 — 75.5(1 +3e8 )

~ 26.6 (1 —0.93.10-2(T, — 7)) erg cm™2
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It is interesting to note that, according to (6.3), the variation of the interfacial energy
with temperature is

0045

(6.4) o

~ 0.25 erg cm—2 deg™!

which is in very good agreement with the value given by Jacosr (1955), who found

d
8071? = 0.2 erg cm~? deg~! from a combination of VorMER-theory and experiments.

7. Theoretical determination of the critical temperatures for homogeneous
nucleation. Instead of the usual expression (3.1) for the rate of formation of ice
nuclei in supercooled water, we shall introduce the droplet radius 7, in the formula
and write

4w _nkT AL WH*
-1 J"fﬁ?fTe"p(“—/?f—)

where 7, is the rate of formation of ice nuclei in a supercooled droplet of radius 7,.
Let further “‘spontaneous nucleation” be represented by Jr = 1, i.e. by the formation

of one nucleus pr. second. With the values of 4 and oy, proposed in section 5 and 6,
(7.1) becomes an equation in the droplet radius 7, and the critical temperature at which
homogeneous nucleationshould
take place spontaneously ac- %0
cording to the extended Vor-
MER theory.

The relationship between
r, and the critical temperature
thus calculated is shown by the
curves 4 and B in Fig. 1. Ifwe
neglect the effect of the curva-
ture of the ice embryo upon the
latent heat of fusion and the
interfacial energy, we get curve
A. On the other side, i we
use the expressions (4.2) and
(4.4) for the curvature ef- L S
fCCt, the critical temperatures 30 B g W0 80 80 -7urem;’5:7mu;ioloc)-m_’ 30 20 0 ¢
are increased by about 4°C

N
S

Interfacial energy ice-water (erg emT) —

PR

Fig. 3. Interfacial energy ice-water. The dashed curve indicates
(curve B). a revision (arbitrarily drawn) at low temperatures.
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A comparison between the theoretically determined critical temperatures and the
experiments show a discrepancy of about 5°C for curve 4 and about 9°C for curve B.
It is, however, striking that the variation of the critical temperature with the radius
of the supercooled droplet is correctly predicted by the theory.

In order to obtain com-
“f plete agreement between the-
ory and experiments we must
select somewhat higher values
of the interfacial energy ice-
water. If we neglect the in-
fluence of the curvature upon
o2 and L, a value of 29.3
erg cm~? for the interfacial
energy at 0°C would result
in critical temperatures given
by curve C in Fig. 1. This
value of ¢, is only slightly
above the highest of the four
values given by KuseLka and
B R ] 36 20 o 0 ProkscHA (1944')- On the
femeeratire (20— other side, if we take into
account the variation of oy,
and L, with the curvature
of the embryo, we must use
31.7 erg cm for the interfacial energy at 0°C in order to obtain complete agreement
between theory and experiments (shown by curve ( in Fig. 1).

It is felt that the trends of the curves 4, B and Cin F ig. 1 give very strong support
to the assumption that the spontaneous freezing of supercooled pure water droplets
observed in the — 30°C to — 40°C interval is due to homogeneous nucleation. And,
if we consider this assumption as proved, it is justified to make use of the values of the
interfacial energy determined above by VoLMER theory in combination with freezing
experiments, rather than the values determined by KuseLka and Prokscua and from
Mason’s value of o5 And since it is felt that the expressions for the curvature depen-

dence of I; and oy, are, after all, more realistic than the rather rough assumption
a.L/ 80'12

Latent heat of fusion (cal g'l)

Fig. 4. Latent heat of fusion of ice. The dashed curve indicates a
revision (arbitrarily drawn) at low temperatures.

ar= o = 0, we shall use the expression
T.—T\ 12
(7.2) o, = 107.2 — 75.5(1 +~‘§—68—) erg cm—2

~31.7(1 —0.93.10-2 (T, — T)) erg cm~2

for the interfacial energy ice-water.
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As already mentioned in section 4, the ratio between the interfacial energy and
the latent heat of fusion is practically independent of the curvature of the embryo.
It was further mentioned that this ratio varies very little with the temperature between
0°C and — 50°C. If we now assume that this is the case even below — 50°C, we may
determine the latent heat ¥

of fusion below -— 50°C i 7T TN

from (4.6), (7.2) and known T - N

values of L, above — 50°C. fof-

The variations of ¢y, and L, oL -

with temperature are shown L s

in Fig. 3 and 4. According s 7

to (7.2)0y,, and consequently ¥ [ 7

also L, becomes zeroata =~ | 7

temperature of — 125°C. 2://

Belo‘(v this temperature’ 0-12 s -I§0 -120 -75?7 -I2I0 »/;0 -7;70 -5:0 -80 70 -50 -50 -40 -30

and L; become negative. Temperature (°C) —»
This result is based upon
the validity of (6.2) even -4
for such low temperatures. ﬁ

It is, however, more likely Fig. 5. Rate of nucleation in a sunercooled water droplet of radius
that ¢,, and Lf should l#- The dashed curve corresponds to a linear extrapolation of the
activation energy, while the solid curve corresponds to the extra-

polation of the activation energy shown by curve 4 in Fig. 2.

4
)_

converge towards zero and
not intersect the tempera-
ture axis. This is indicated by the dashed curves in Fig. 3 and 4.

8. The nucleation rate. We shall next use equation (7.1) to compute the rate
of formation of ice nuclei in droplets of radius 1u, which is likely to be the right order
of magnitude of the size of mother of pearl cloud particles. There has been made an
attempt to determine the size of such particles from the distribution of the colours
in mother of pearl clouds relative to the position of the sun. However, the method
used is unsound, and the results therefore unreliable. Never-the-less, it is clear that the
particles examined are smaller than those generally occurring in tropospheric clouds.
It is felt that the selection of 14 as a representative size of mother of pearl cloud particles
1s reasonable.

The variation of 7, _ with temperature is shown in Fig. 5. The dashed curve has
been drawn in accordance with the linear extrapolation of the activation energy, while
the solid curve corresponds to the curved extrapolation, shown in Fig. 2.

As might have been expected from the considerations in section 5, the two curves
for J,, are almost identical for temperatures between the freezing point and about

— 60°C. At still lower temperatures only a qualitative agreement exists. Jr, is seen to
increase from a very small value just below 0°C to a value of 1 (“spontaneous freezing”)
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at about — 40°C. Below — 40°C Jr,increases and attains a maximum value at about
— 70°C. For still lower temperatures, ¥ _ decreases but it is still positive, which means

that supercooling is an improbable phenomenon. At very low temperatures, respectively
— 117°G and — 157°C in the two cases, the curves again intersect the axis, which
means that there exists a temperature below which crystallization of a supercooled
droplet will not take place within a reasonable time.

It is interesting to compare Rau’s observation of supercooled water droplets at
— 72°C with Fig. 5. As we see, this temperature provides the minimum possibility
of supercooling of water. This gives further support to the criticism against Rau’s
result, cited in section 2.

Since the linear extrapolation of the activation energy clearly represents an under-
estimation at very low temperatures, the corresponding values of Jr,» shown by the

dashed curve in Fig. 5, are too high by several orders of magnitude. The correct value
of the critical temperature of spontaneous crystallization must accordingly be higher,
probably considerably higher, than — 157°C. A comparison between Fig. 2 and Fig. 5
shows how sensitive the theoretically determined value of the critical temperature is
to the way of extrapolating 4. In spite of the lack of reliable data of viscosity and of the
order in the liquid structure of water at low temperatures, it is felt that the solid curve
in Fig. 2 represents a more natural extrapolation of 4 from known values above
— 10°C. The solid curve in Fig. 5 is therefore believed to be fairly representative,
and most probably superior to the dashed curve.

Thinking again of mother of pearl clouds, the solid and the dashed curves in Fig. 5
show that the nucleation rate, though decreasing rapidly, is still above 1 in the tem-
perature interval — 85°C to — 100°C. Supercooling of pure water should, accordingly,
be improbable in this region. However, as will be shown in section 13, mother of pearl
cloud particles are very small. The calculated maximum radius is 1.2u, but for small
values of the condensation coefficient radii of about 0.3 have been found. This means
that the dissolved nucleus mass may play an important role in the freezing process,
at least during the first stage of the droplet growth.

The effect of the dissolved nucleus mass upon freezing near the — 40°C transition
has been demonstrated by Bicc (reported by Mason, 1957). For saturated solutions of
NaCl the maximum supercooling is increased by 15°C. For a nucleus mass of 1015
grams the effect is considerable for droplet radii below 0.15u4. It is therefore not unlikely
that mother of pearl cloud particles are formed as supercooled droplets of concentrated
salt solutions. Whether these droplets will freeze or not depends upon the temperature,
nucleus mass and the droplet size.

9. The structure of ice at low temperatures. In section 7 and 8 values of
0y, Ly and 7, were obtained which may be used in the study of the structure of ice

and water at very low temperatures. The determinations were based upon extrapola-
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tions, the validity of which may be questioned. In order to test the validity of the results,
we shall compare them with some experimental data concerning the structure of water
and ice at very low temperatures.

During the last years a series of experiments has been made. A summary of the re-
sults and a complete list of references has been given by LonspaLe (1958). Itis generally
agreed that the hexagonal form of ice is the stable form (at pressures occurring under
atmospheric conditions) between 0°C and — 80°C. Below this temperature both hexago-
nal, cubic and amorphous ice have been observed, but the investigators give different
transition temperatures. At temperatures below about — 140°C the condensate has
always been found to be amorphous. Here the rate of crystallization is obviously so
low that the amorphous (liquid) state will persist for a very long time. This observa-
tional fact may be compared with Fig. 5, which gives a critical temperature of — 117°C
for transition from amorphous to hexagonal ice. If the interfacial energy cubic ice-water
and the latent heat of fusion are known, a corresponding curve may be drawn for the
rate of formation of cubic crystals in a supercooled droplet. This curve should, according
to the condensation experiments, intersect the temperature axis near — 140°C. It is,
however, not likely that a curve showing the rate of formation of cubic crystals in a
supercooled water droplet should deviate much from the solid curve in Fig. 5, concerning
the region — 100°C to — 150°C. It was shown in Fig. 3 that the interfacial energy
hexagonal ice-water is so small in this temperature region that W#*, shown in Fig. 2,
may be neglected compared with 4. It is probable that this will also be the case with
the interfacial energy cubic ice-water. The two rates of nucleus formation will therefore
primarily be determined by the activation energy and will consequently be almost
equal. This explains why it has been so difficult to derive the exact transition tem-
perature from hexagonal to cubic ice, or vice versa, from condensation experiments.
The difference in critical temperature is likely to be about 5°C, probably less. A quan-
titative discrepancy, therefore, exists between the theory and the experimental results
of Xonie (1942) and Honjo (1956). On the other hand, fairly good agreement is found
with the experiments of StaroNka (1939) and Prype and Jones (1952), while very
good agreement exists with the results of BurTon and Oriver (1935) and Brackman
and LiscarTeEn (1957).

The very careful investigations of BLackmMaN and L1SGARTEN were especially de-
voted to the determination of the transition temperatures. In condensation experiments
they obtained amorphous ice between — 180°C and — 140°C. At higher temperatures,
— 140°C to — 120°C, cubic crystals formed, and between — 120°C and — 100°C
both cubic and hexagonal crystals occurred. Above — 100°C, only hexagonal crystals
were present. In the opinion of the author, the results of a study of the crystallization
of amorphous ice, heated from below — 140°C to — 110°C is more reliable than the
direct study of the structure of the deposit formed in this temperature region. Brack-
MaN and LSGARTEN observed a very distinct transition to cubic ice at temperatures
between — 120°C and — 114°C, in very good agreement with the solid curve (for
hexagonal ice) in Fig. 5.
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Pressure ——»

It is interesting to compare
12 3 4 5 & 7 810kgem? & P

the transition temperature be-
tween stable ice I (hexagonal)
and stable ice II (cubic) with
the phase diagram for water.
This diagram is shown in
Fig. 6. The equilibrium lines
have been drawn according
to BripemaN’s data (1912).
Three different curves separat-
ing the stable areas of ice I
and ice II have been drawn.
BRIDGMAN (1912) The solid line was drawn ac-
— — — TAMMANN (1910) cording to BrRIDGMAN’s data,

+ proposed revision while the dashed curve cor-
] responds to data given by
-1 Tammany (1910). The third
| dotted curve was drawn in
o agreement with the results of
100} -/ BrackmaN and LiSGARTEN, in-
| dicating a triple point near
"~—tripte point — 110°C and a pressure of
about 10~%mb. In accordance
with Bripeman’s data, hexa-
gonal ice should be the stable
form of ice at temperatures
down to at least — 200°C,
while TamMmaANN predicts a
transition temperature of about — 135°C. However, at the temperatures occurring in
mother of pearl clouds, hexagonal ice is likely to be the stable form, though cubic
or amorphous ice may occur, since the rate of crystallization is so small and the
influence of dissolved matter is unknown.

Temperature (°C) —»
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-110
vapor,I, 1l
-120f /

/
-130
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Fig. 6. Phase diagram for water.

10. Estimation of the temperature in mother of pearl clouds. Direct measure-
ments of the temperature in mother of pearl clouds have never been made. However,
on some occasions ascents have been made which indicate that the temperature must
be exceptionally low. The mean temperature at 60 mb. (about 19 km) in mother of
pearl cloud situations is — 72°C (HessTvepT, 1959), and the trend of the temperature
curves up to this level indicates a continued temperature decrease with height. On one
occasion (ST@RMER, 1941), a temperature of — 83°C was observed at the level of mother
of pearl clouds on a day when such clouds were observed; on another occasion, 29th
February 1956, a temperature of — 82°C was recorded. These values probably re-
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present the temperature in the undisturbed air. However, mother of pearl clouds are
believed to form on the crests of waves set up by mountains, and due to adiabatic cooling
the temperature on these crests may be somewhat lower (probably of the order 5°C)
than in the undisturbed atmosphere. Temperatures about — 90°C or lower are, conse-
quently, likely to exist in the clouds. This estimate of the temperature is supported by
an estimate of the frostpoints in section 11 from an entirely different procedure.

11. Estimation of the frostpoints at mother of pearl cloud levels. Measure-
ments of the humidity up to the levels of mother of pearl clouds have been made on
three occasions in U.S. (BarRreT, HErNDON and CARTER, 1950). These measurements
show great variations with height and time, also in the lowest part of the stratosphere
(12 km above the tropopause). A series of humidity measurements up to 15 km, made
over England (MurcatrOYD, Gorpsmite and Horimes, 1955, and HeLLIWELL,
Mackenzie and Keriey, 1957) shows a rapid decrease in humidity above the tropo-
pause, but from a level generally a few thousand feet above the tropopause the frost-
points vary only slightly with height.

It is the author’s opinion that the results obtained from the three ascents in U.S.
cannot be taken as representative for the general distribution of water vapor in the stra-

Table 1. Frequency distribution for observed frostpoints at

48 000 ft over England.

Temperature | Number | Temperature| Number
degrees F of cases degrees F of cases
— 123 1 — 114 2
— 122 2 — 113 2
— 121 2 — 112 2
— 120 4 — 111 2
— 119 5 — 110 1
— 118 12 — 108 1
— 117 14 — 102 1
— 116 5 — 91 I
— 115 4 — 89 1

tosphere. Between 20 and 30 km dewpoints from — 54.4 to — 79.5°C have been found.
However, during the winter the temperature at these heights are so often lower than
the dewpoints mentioned that cloud formation should occur relatively commonly in
the stratosphere. In this paper, therefore, only the observations taken over England
will be used.

A frequency distribution for the observed frostpoints at 127 mb (about 48 000
feet or 14.5 km) is given in Table 1. It is seen that frostpoints of — 117 and — 118°F
occur in 26 of 62 cases (42%) and that the deviations from these values are relatively
small, apart from three cases with exceptionally high frostpoints. It has been suggested
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by MurcaTrOoYD, Gorpsmite and Horrivgs (1955) that the instrument possibly has
a constant error, reading 3°F too low. Accordingly, we will in this paper accept
— 114.5°F (or — 81.3°C) as a mean frostpoint at 14.5 km and assume that only
slight deviations from this value may occur. This frostpoint corresponds to a mixing
ratio of 0.215. 1072 gr./kg. It is interesting to note that this frostpoint is almost equal
to the frostpoints in the tropical tropopause. This gives strong support to the idea that
tropospheric air enters the stratosphere mainly through the tropical jet.

We will now assume that no sources and sinks for water vapor exist between 15
and 30 km and that the turbulent mixing of the air will ensure a constant mixing ratio
with height. It is then possible to calculate the vapor pressure and frostpoints at the
different pressure levels. The frostpoints thus obtained are given in Table 2 for the
appropriate levels.

Table 2. Estimated frostpoinis at the levels of mother of pearl clouds.

Pressure (mb) . 60 50 40 30 25 20 15 10
Approximate

height (km). . 19 20 21 22.5 24 25 26.5 29
Frospoint

(degrees C) .| — 86 — 87 — 88 —90 — 91 — 92 — 93 — 95

In this region of vapor pressure the difference between frostpoint and dewpoint
is about 4.5°C. If we require supersaturation with respect to water in order to ensure
cloud formation, air temperatures 4.5°C lower than the values given in Table 2 must
occur. The temperatures thus obtained agree very well with the estimations in section 10,

12. Concentration of condensation nuclei in the stratosphere. The author is
unaware of any published measurements of the concentration of condensation nuclei
in the stratosphere. We therefore have to make estimates based upon extrapolations
of known values of concentrations in the troposphere. The results thus obtained may,
of course, deviate considerably from the concentrations really occurring in the strato-
sphere. If the nuclei, however, are of terrestrial origin, as will be assumed here, it is
probable that we will arive at the right order of magnitude, at least concerning an
upper limit of the concentrations. Two series of observations, reaching heights of 6 —7
km, will be used (Wicanp, 1913 and WEickManN, 1957).

Concentrations of condensation nuclei are always given as the number of nuclei
pr cm®. However, if the purpose is to study the variation of the concentration up to
great heights, it is more convenient to use another expression for the concentration
given by

25 T,

(12.1) Ni= N3 175
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where N, = observed concentration of nuclei (pr cm3) at height £ where the standard
pressure is p, mb and the standard temperatureis 7. N’, represents the number of nuclei
obtained if the air is expanded to 25 mb and cooled to 178°K. (These values will be
used here to represent the pres-
sure and temperature at 24 km,
which is the mean height of
. mother of pearl clouds.) WicanD’s
and WEICKMANN’s values have
been transformed by means of
(12.1) and the results are shown
in Fig. 7. For the purpose of esti-
mating the concentration of nuclei
of terrestrial origin at 24 km

Height (km) —
3
:
—

these curves have an advantage T
compared with the curves given FS
by WEICKMANN as the effect of e
pressure and temperature of the LSt s e

air is eliminated. The decrease Fig. 7. Variation of N, with height. N*; represents the con-
of N, with height is due to centration of condensation nuclei at the height h, adjusted to

. . f — 95°C.
sedimentation only. WicaND’s ob- a pressure of 25 mb and a temperature ol 95°C

servations indicate a concentra-
tion of the order 0.1 cm= at the mean level of mother of pearl clouds, while
WEICKMANN’s observations indicate a somewhat higher concentration.

Until observational data from the stratosphere are available, we can only make
rough estimates as to the concentrations of condensation nuclei at the levels of mother
of pearl clouds. From what is shown above, the concentrations are probably much
smaller than 5 cm=. A value of 0.5 cm=3 seems to give a fairly good representation of
the concentration of terrestrial nuclei at 24 km.

Due to the scarcity of condensation nuclei of terrestrial origin, exceptionally high
saturation ratios (up to about 1.3) may, as will be shown in section 13, occur in mother
of pearl clouds. At temperatures around — 10°C we know that a saturation ratio of
about 4.1 is needed for condensation upon small negative ions, while saturation ratios
higher than 5—7 will give homogeneous condensation, without the aid of condensation
nuclei. These critical saturation ratios are dependent upon the temperature, and it
might be of interest to clarify the possibilities of condensation without the aid of ordinary
nuclei.

For homogeneous nucleation, BEcker and Déring (1935) give the following ex-
pression for the rate of formation of water droplets in supersaturated vapor

(12.9) 7 ae? (2]\/3M023)1/2 (e)zexp 167 M?%g,53

= 2 T2 — 2
@l 7 30, SkR2T? (ln:)

€

§
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where N is Avogadro’s number, o is the condensation coefficient, ¢, is the saturation
vapor pressure and ¢ is the ambient vapor pressure. In the case of homogeneous subli-
mation we have to replace g, and 0,3 by ; and oy, respectively. Furthermore, the value
of a will possibly be different in the two cases. Let us define spontaneous condensation
by 7 =1, i.e. by the formation
of one droplet pr. sec. per unit
volume. This gives us an equation

of third degree in (nS = In ef , the

solutions of which are shown in
Fig. 8 for temperatures between
0°C and — 100°C. It is seen that
homogeneous condensation is
more probable than homogeneous
sublimation for all temperatures
considered. This result is in con-
170 5 = ) = L tradiction to the results of Kras-
Fig. 8. Saturation ratio (with respect to water) required TAN(_)W 0940)’ who  found t}%at
for homogeneous sublimation, homogeneous condensation sublimation proceeds more easily
and condensation on ions. » at temperatures below — 65°C.
However, at about — 100°C even
homogeneous condensation requires saturation ratios which are far beyond what
may occur under atmospheric conditions. Hence, the possibility of droplet formation
by homogeneous condensation may be excluded.
The possibility of condensation upon small ions may be evaluated by using the
formula (Mason, 1957)

n§ —

Temperature (°C) —s

eRT, o 205 ¢

(12.3) M r 8mert

where ¢ is the charge of the droplet and & is the dielectric constant of air. The critical
saturation ratio $* is given by

d
(12.4) (S =0
or

3 /4
(12.5) I §* = o, i;@

The variation of §* with temperature is shown in Fig. 8 for ¢ = one electronic
charge, It is seen that $* increases with falling temperature, and small ions, conse-

quently, may not be expected to act as condensation nuclei at the levels of mother of
pearl clouds.
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Bowen (1953) mentions 1 m=2 as a probable value of the concentration of con-
densation nuclei of cosmic origin at a height of 100 km. If these nuclei are brought
down to 25 km by only the turbulent motion, a concentration of about 0.07 cm—3
should occur at this level. This concentration is probably generally small in comparison
with the concentration of nuclei of terrestrial origin, but may, at times, be of the same
order of magnitude. Although uncertainties exist in these estimations, it is not likely
that the total concentration will be much higher than 1 cm~3, and the rates of growth
obtained in section 13 will still be valid.

13. The growth of mother of pearl cloud particles. The growth of cloud drop-
lets may be computed from the formula

dr DM

(13.1) 7'2;=§R7[6—-6(r)]

where £ is the time, D is the diffusivity of water vapor in air, ¢ is the vapor pressure
remote from the droplet and e(r) is the vapor pressure at the surface of the droplet.
Very often ¢(r) has been replaced by the equilibrium vapor pressure at the surface,
¢,(r), but, as pointed out by several authors, (Lanemurr, 1944, HowrLrr, 1949, and
Rootn, 1957), this simplification implies a considerable overestimation during the
first stage of the droplet growth. Instead of (13.1) we shall use the formulation

dr DMYT|
<13.2) (T + .S') ;1; = JR?le — ew(r)]
Dq/2xM : iy

where s = VR The condensation coefficient, a, has been measured by ALty and
Mackay (1935), who found the value to be as low as 0.036. Recent measurements by
Roorn (private communication) show that ¢ must be about 0.2, possibly higher.
In our calculations we shall neglect the effect of the latent heats of condensation and
sublimation. (It will be shown below that this effect is exceedingly small).

Let us assume that the cloud particles grow by condensation as the air mass rises
uniformly and cools. adiabatically. Then we have

Td——T:yz
T\3.5
13.3 =p; | =
(133) » =17
v PTa (T
N_Nd.pdT —Nd(ﬁ)

where y = 10 degrees cm—! is the dry adiabatic lapse rate and z is the vertical dis-
placement, reckoned from the cloud base. The index “4” is used to denote the appro-
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priate values of the variable quantities at the cloud base, where the temperature is
equal to the dewpoint temperature 7,. An expression for D is given in Smithsonian
Meteorological Tables, 1951 :

. IE’ T1.81" ZE 1.69
(13.4) D_Dp(T,) _Dd(T)

The primes are used to denote standard conditions: D’ = 0.226 cm?%ec, ’ = 1000 mb
and 7" = 273.16°K. Substitution in the expression for s gives

Dd Td 2,19 IaM Td 2.19
S N b

In order to find the ambient vapor pressure e we must account for the reduction

of the vapor pressure due to condensation. If no condensation has taken place, we
should have

P ( T )3.5
13.6 e=c¢e,"—=¢, |
( ) d pd d Td
However, by the formation of N droplets pr. unit volume, all of the same radius 7,
the vapor pressure is reduced by an amount ¢*, given by

4n N Me*

(13.7) .N?gwr =‘R—T

Consequently, we have for the vapor pressure

T\3.5 47 RT,
— = .8
(13.8) e —-ed(Td) [1 N, 3 0uT Med]

For the effect of the curvature of the droplet and of the dissolved nucleus matter
Mason (1957) gives the following expression

7

(13.9) eo(r) = e,(T){ exp QTA/IL% ]+ imM e
e RT (4n , )
W —3—9 w7,3 —m

where ¢,(7T') is the saturation vapor pressure over a plane pure water surface of tempera-
ture T, m is the mass and W the molecular weight of the soluble nucleus, i is a factor
which varies between 2.91 for saturated and 2.0 for infinitely dilute solutions and ¢’,,
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is the density of the droplet. An expression for ¢,(7) may be obtained from Goff-
Gratch’ formula (Smithsonian Meteorological Tables, 1951):

(13.10) eo(T) = e,(T,)[1 — 0.2046(T, — T) + 0.01915(T, — T)?]

when — 95.2°C is used as dewpoint temperature. Substitution of (13.4), (13.5), (13.8),
(13.9) and (13.10) in the basic equation (12.2) gives, for ¢; = ¢,(T,):

(13.11) [7(1)2‘19+sd]dr DdMed(T)a[pJvf” 3@~(I)““

T, dt ~ o RT,\T, 3" e, T\T,
. Qw .
M M -
(1 —0.2046(T, — T) -+ 0.01915(T, — T)?) [exp 2220\ [1 . o ¢'w
o'y RTr (47t , )
@ w ?@wr?’ —m

If we know T as a function of the time ¢, i.e. if the trajectory of the particles were known,
(13.11) may be integrated and the droplet size could be determined in all parts of
the cloud.

If the cloud elements are ice particles and not supercooled water droplets, an
equation analogous to (13.11) may be obtained for the rate of growth. If we assume a
spherical shape of the particles, we obtain

Ty, N DMy(Ty( L dn RT)
e AP N IR
T\-35 2Mo
_ = _ o _ 2 13
(TI) (1 0.1847(T, — T) + 0.01605(T, — T) ) P p

in which the index »f” is used to denote the values of the variable quantities at the
cloud base, where the temperature is equal to the frostpoint temperature T,. Further-
more, we have to introduce a sublimation coefficient, o', in the expression for s,.
Mother of pearl clouds are believed to form on the crests of mountain waves and
we shall therefore define trajectories which are likely to describe the wave-motion as
realistically as possible. PaLm and Forpvik (1960) have studied mountain waves theo-
retically, using wind and temperature profiles similar to those generally observed in
mother of pearl cloud situations (Hesstvept, 1959). Vertical velocities have been cal-
culated up to 25 km in the case of two-dimensional motion. If we assume a horizontal
wind speed of 10 m sec™?, which seems to be a reasonable value, we can plot the tra-
jectory of the air particles (see Fig. 9). Here we shall study the growth of particles in
a cloud formed on the second wave crest (marked by a square). A detailed study of




24 EIGIL HESSTVEDT Vol. XXI.

the motion in this region shows
that the vertical velocity is very
close to a linear function of
time. Two different cases will be
studied, with condensation levels
200 m (cloud “4’), respectively
100 m (cloud “B”"), below the top
of the wave. The trajectories are
given by

600F m
400

200

Vertical displacement

_ (13.13)
o0k = 152¢ —0.29 # (cloud “4”)

Fig. 9. Assumed trajectory at a height of 24 km in a moun-

tain wave situation. 10 m sec— was used as horizontal wind ~ and

speed; vertical velocities were taken from Parm and (13.14)

Forpvix’s data (1960). The model clouds used in the cal- ‘

culations of the particle growth are situated on the second <= 108¢—0.29# (cloud “B7).
wave crest, marked by the square.

Since an integration of (13.11)
and (13.12) in the complete form is so difficult, we shall make some simplifications

which introduce only slight errors in the final result. For T, = — 95.2°C,
T, = — 90.6°C and an air pressure of 25 mb at the cloud base we have

3.64 3.76
(13.15) Sd:T’u and s,=7,u

Since we have r « 5; and 7 « 5; (except for the combination a = 1 and cloud “4”,

where a slight revision is needed), and since T, — T <2°C and T, — T < 2°C, we
T\2.19 T\2.19
may replace the terms (T and (7) on the left side of (13.11) and (13.12)
d /
by the unit. Furthermore, we shall neglect the reduction of the supersaturation due
to liquid and solid water content. Such a simplification would have been misleading
in a study of tropospheric clouds. But in our case, with very slow particle growth and
few condensation nuclei, the error is negligible unless we have N’ >> 1 cm—2 and r > 0.84.

With these simplifications and the abbreviations

. 2
M M -
(13.16) 1 4+ ¢=|exp @ 1+ o ¢w
o' RTr (47,, 3 )
w 30w —m

Mo,

L & o — exp 201
T =P ST
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equations (13.11) and (13.12) become:

(13.17)

and

(13.18)

d
(r-+s,) 2; = 4.38-10-19[1 — 0.01685yz

— (14 ¢) (1 — 0.2018yz + 0.01858(yz)?)]

d
(r + s,)d—; — 4.88-10-10[1 — 0.01643yz

— (1 + ¢") (1 —0.1820yz + 0.01555(y2)?)]

It is remarkable that (13.17) and (13.18) ditfer only very slightly as long as the difference
@ — ¢ is small compared with the unit. As is easily seen, this will always be the case,
except during the very first stage of the particle growth. Before we integrate (13.17)
and (13.18) we shall consider the formation of the water or ice particles and the initial

stage of the particle growth.

It has been shown by Frercher (1959) that insoluble nuclei, wet by water, of
radii between 0.01x and 0.1x, will act as sublimation nuclei at moderate and high

supercoolings before, and
even a short time after,
saturation with respect to
water is reached. The rea-
son is that the critical su-
persaturation with respect
to water for droplet forma-
tion is not very different
from the critical supersatu-
ration with respect to ice
for ice particle formation.
The difference is important
only a few degrees below
0°C. At lower temperatu-
res the ratio between the
saturation vapor pressures
with respect to water and
ice is increasing from 1 at

Saturation ratio —

o7F

0.6

0.5E

04t

-90 -80 <70 -60 -50 40 -30

Temperature (°C) —»

Fig.

10. Saturation ratio (with respect to water) required for

condensation and sublimation upon insoluble nuclei of radii

0.1x and 0.014.

0°C to about 2 at — 90°C, and very soon overcompensates the small difference in
critical supersaturations. The critical saturation ratio for spontaneous droplet forma-

tion may be calculated from

(13.19)
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where 7, is the radius of the nucleus. Correspondingly, we have for spontaneous for-
mation of ice particles

(13.20) =2

where ¢; is the saturation vapor pressure with respect to a plane ice surface. The critical
saturation ratios (with respect to water) thus calculated are shown in Fig. 10 for two
sizes of nuclei, 0.01x and 0.1x. It may be concluded from Fig. 10 that insoluble nuclei
will only act as sublimation nuclei at the temperatures prevailing in mother of pearl
clouds. On the other hand, soluble nuclei will act as condensation nuclei. Due to the
slow rate of growth, the concentration of nucleus matter will possibly be high enough
to maintain the supercooling for a considerable time.

The results of the integrations of (13.17) and (13.18) are shown in Fig. 11 and Fig.
13—16 for different choices of the parameters: cloud type (ice or water cloud), ampli-
tude, value of the condensation or sublimation coefficient, concentration of nuclei
and nucleus mass. In the case of water and mixed clouds, the growth was started upon
droplets of concentrated solution of NaCl, the nucleus being completely dissolved.
This represents a slight overestimation of the droplet radius at the time ¢ = 0, but the
effect upon the continued growth is small for the nucleus sizes occurring at great heights.
The maximum particle ra-
dius obtained was 1.2y, but
in most cases much smaller
particles were found. It is
seen that the particle growth
is very sensitive to the con-
densation and sublimation
coefficients; roughly, the
maximum particle sizes cal-
culated are proportional to
a or o (see Fig. 11, 14
and 16).

The effect of the liquid
water content upon the rate
of growth is only slight.
7[1)0 2;)0 3[‘70 150 5})0 Ell]U 7&0 560 For N < 1 Cm—3 the llquld

rime fsec.) — water content is negligibly
Fig. 11. Droplet growth in cloud “4” (condensation level 200 m small, and even for N = 1
below the top of the wave). The solid curves refer to nuclear
masses of 10-15%¢ and 10-%%g NaCl and concentrations of conden-

Droplet radius () —

cm—3 it is so small that it

sation nuclei N << 0.1 cm—2, The dashed curve shows the revision
necessary if N = 1cm=3 a =1 is used for the condensation
cocfficient. (See also Fig, 15).

may be neglected in the
calculations, provided the
particle radius is smaller
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=
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Fig. 12. The solid curve shows the

supersaturation (with respect to "
water) in a water cloud “4”. ol
(a=1,m= 10-2¥g and N < 0.1

cm~3), The dashed curve repre- ol

sents the reduction in supersa-
turation due to liquid water — . ) ) ~ )
content for the case a = 1, o 200 30 400 5””\ 500 700 500

Time [(sec) —a
m = 10-%g and N =1 em-3.

(See also Fig. 11 and 15).

-0.2k
-03F

-0.4F

Fig. 13. Growth of ice particles in an
ice cloud “4”. (& < 0.1 cm-3,
@’ =1 and m = 10-15g and 10-16g).
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Particle radius (w) —*
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Time (sec.)——=

Fig. 14. Growth of droplets in g‘”'
cloud “4” (N < 0.1 ecm=3, a = gos4f
0,2 and m = 10-%%g and 10-18g)., ?uj
An impression of the effect of 3
different selections of the value of 2%/
a upon the droplet growth may o1
be obtained from'a comparison

) , , . , . , .
with Fig. 11. 100 200 300 400 500 600 700 800
Time (sec) —»
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than about 0.8u (see Fig. 11). The relative importance of the liquid water
content and the supersaturation due to the lifting of the air is shown in Fig. 12 for
a =1, N =1 cm3 and a water cloud of type “4”.

It is seen from Fig. 11 and 13 that no important difference exists between the
particle growth in a water
cloud and an ice cloud,

J 0 . .
200m}- ) : 2 provided the latter is for-
\ 0 7, . .
I > N med entirely by sublima-
tion and not by the freez-
L . ing of supercooled water
/ P droplets. (Itisemphasized
N R that Fig. 11 and 13 re-
g ll;l] 2(‘70 31')0 4[‘)0 50! 67%0 7_(l70 650

present two different
clouds and may not be
used to compare the
growth of liquid and solid
particles in the same
cloud.)

Fig. 17 shows the
growth of particles in a
cloud of type “B” for
a = a = 0,2, It is here
assumed that the partic-
les start their growth as
droplets of supercooled,

. i concentrated solutions of
?}f 1:5. Model of a motl}cr of p‘ear.l cloud (water cl()uc.l., .type A). NaCl in water. When
e figures above the trajectory indicate the droplet radii in u for the i
case a = 1, while the figures below the trajectory give the droplet the solutions become so
radii for the case o = 0.2. diluted that they contain
1 molecule of NaCl pr
100 molecules of water, freezing is thought to take place, and the particles continue
their growth as ice spheres. They are then suddenly exposed to a very great
supersaturation, due to the difference in vapor pressure over ice and water.
‘The growth is therefore accellerated, and the evaporation starts at a level several hun-
dred meters below the condensation level. For comparison, the growth of supercooled
droplets in the same cloud is shown,

In Fig. 11, 13, 14 and 17 the growth of the particles is shown for two values of the
nucleus mass: 10-%g and 10-16g. According to Junce (1952) nuclei of radii > 0,25u
(at water saturation), corresponding to more than 10~26g nucleus mass, represent only
109, of the total number of nuclei in the troposphere. And since the larger nuclei are
used in precipitation processes in the troposphere to a greater extent than the smaller
ones, the mass of the most frequent nucleus size is probably smaller at 25 km than in
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the lower troposphere. Further-
more, it is important to note
that the number of nuclei and
the rate of growth are so small
that great supersaturations oc-
cur soon after the condensation
level is passed in the upwind
part of the clouds. After less
than 100 sec the supersatura-
tion is of the order of magnitude
109%, (see Fig. 12). Consequent-
ly, all the condensation nuclei,
whatever their size and effici-
ency, will become active very
soon after the condensation level
is passed. Therefore, the lifetime
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Droplet radius () —»
® ® 6 © & o o
[N P B 0 o N @
v r T T

IS

760 260 300 w0 500 500

Time (sec.} —»
Fig. I6. Droplet growth in cloud “B” (condensation level
100 m below the top of the wave). (¥ < 1 cm—3, m = 10-15g
and g = I and 0.2).

will be approximately the same for all droplets. Based upon these considerations
we may conclude that the particle size spectrum in a given part of the cloud will be
very narrow. Deviations greater than 0,1u from the mean particle size would only
rarely occur. Thus, good agreement exists between our theory and the iridescence
associated with mother of pearl clouds. Such brilliant iridescence is only possible in
clouds of almost equally sized particles.

A model of water cloud “4” is shown in Fig. 15. The droplet radius in different
parts of the cloud is plotted along the trajectory. It is remarkable that the maximum
droplet size is reached approximately when the droplet reaches the condensation level
in the downwind part of the cloud. Complete evaporation of the droplets is reached

considerably later, at a level
about 425 m below the con-
densation level. Thus, a
marked asymmetry results
in the shape of the clouds.
In a mixed cloud (see Fig.
17) the asymmetry is still
greater, about 1000 m. Such
asymmetry has at times
been observed, but has

S
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Particle radius fw) —s

1ot

0.9+

o
=
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T

generally been thought tobe ~ “F

apparent and due to the ob-
server’s position in relation to

L L 1 1 L L . . P
100 200 300 400 500 &00 700 800 300
Time (sec) —

the cloud and the wind direc-
tion, or due to solidification
of some of the cloud drop-

Fig. 17. Particle growth in a mixed cloud “B” (a = ¢’ = 0,2,
N < lem=3, m = 10-1% and 10-18g), The particles are assumed
to form as supercooled water droplets which freeze when a dilu-
tion of 1 molecule of NaCl pr 100 molecules of water is reached.
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lets. It results from our calculations that asymmetry will occur as well in pure water
clouds. Since mother of pearl clouds are generally seen at a great distance, of the order
1—200 km, the skewness only amounts to a fraction of a degree and can only be deter-
mined by use of a theodolite or by photographic pictures. This was done 21th February,
1959, and differences in height of about 5—800 m were observed between the upwind
and the downwind edge of the cloud.

We started our calculations by assuming that the released heats of condensation
or sublimation are small and may be neglected. It is now possible to evaluate, approxi-
mately, the temperature rise due to condensation or sublimation. An upper limit for
temperature rise A7 may be calculated from

Lo, dr
(13.21) ATg%[(r+s)%]m“
where L is the latent heat of sublimation and K is the thermal conductivity of air.
Substitution of L, = 676 cal g~! deg~! and K ~ 4,15 - 10-5cal cm~Isecldeg~! gives
AT < 0,0024°C. This temperature risc is equivalent to a reduction in relative humidity
of only 0,059, and may therefore be neglected in our case.

As the growth of the particles in mother of pearl clouds is so slow, the liquid water
content is very sensitive to the concentration of nuclei. It is therfore only possible to
give the order of magnitude of the maximum liquid water content in a cloud; 10-7
and 10-° g m~2 may be given as lower and upper limits.

14. Concluding remarks. The aim of this paper has been to study the physical
properties of mother of pearl clouds, in particular to decide whether they are water,
ice or mixed clouds and to describe the growth of the cloud particles. Unfortunately,
it has not been possible to find satisfactory solutions to these problems. Especially the
physical state of the cloud elements is still open for discussion since the freezing pro-
perties of more or less dilute solutions of salts in water can not be determined with a
sufficient accuracy for the temperatures in question. Furthermore, the rate of growth
of the cloud elements is very sensitive to the condensation, respectively sublimation
coefficient. Until more experimental and observational data are at hand, we can hardly
expect to make progress in the study of the physics of mother of pearl clouds.
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