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Summary. A simple model for the energetics of strong, turbulent pycnoclines is proposed for
computing the structure below the depth of maximum gravitational stability. Turbulent ex-
change coefficients dependent upon -both turbulent energy and stability show the strong coupling
between turbulent energy flux and salt or heat flux, With the aid of some simplifying approxima- -

tions and a minimur of empirical information the pertinent system of equations is integrated to
: give a theoretical structure in close agreement with that observed in fjord, ocean, and atmosphere,

Introduction. Typical examples of strong pycnoclines are fjord haloclines, ocean
thermoclines, and atmospheric inversions. Previous theoretical investigations of the
hydrographic structure of Pycnoclines have not given a satisfactory explanation of the
large density gradients observed in nature. ‘The problem is usually treated with turbu- -

lent exchange coefficients chosen a priori as empirical functions.

It is well known that the exchange mechanism governing the structure of the
pycnocline depends upon in situ turbulence and stability. This results in strong coupling
between turbulent energy flux and salt (heat) flux. Munk and Anderson (1948) present
a model in which the exchange coefficients are dependent upon shear stress and stability.
Their analysis applies to the region above the depth of maximum stability for which
the turbulence is predominantly dependent upon shear flow. The present treatment
applies to the lower region of the pycnocline where the turbulent energy level is de-
termined by diffusion from above. For the limiting case of strong pycnoclines, the

- 'depth of maximum stability approaches the depth of the homogeneous mixed layer
as described by Tully (1958).

Model. Some elements of a model of a pycnocline are shown in Fig. 1 using fjord
haloclines as examples. Here, river run-off forms a top layer which is homogenized by
the action of wind, waves, and tidal currents. Through turbulent action this layer
removes fluid from the lower layer, its salinity increasing seaward, and a region of
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Figure 1. Schematic longitudinal sections of fjord haloclines: (2) erosion model with w, = erosion
velocity of the front, (b} steady-state model with wy, = vertical advection velocity of water through
the halocline.

mixing with the lower fluid develops into a steady-state pycnocline. Variations of
properties in the horizontal (x, y) direction can be considered negligibly small compared
_to variations in the vertical (z), taken positive downward.

" A mixing process of this type, between two essentially homogeneous water masses,
often appears as a straight line on the T—S diagram, implying local equality between
exchange coefficients for salt and heat flux. For this case, either temperature or salinity
can be used to describe the structure of the pycnoclme, but the grav1tat10nal stability
remains dependent on both variables. :

Two variations of the model are shown schematlcally The first model (Flg 1 (2))
consists of a stagnant fluid layer above which erosion: takes place. In this case the
coordinates are fixed to the eroding front, assumed to have a constant rate of descent.
This case is typical for shallow-silled fjords with a strong discontinuity Tayer and for
air masses contained by a strong inversion. The second model (Fig. 1 (b)) consists of
a stationary front in which a vertical advection of the fluid maintains the position of the
pycnochne A necessary clement of this model is a compensatlon current. This case
is typical of strong haloclines in deep-silled f]c)rds and of oceanic thermoclines.

Turbulence is assumed to be generated at or above the depth of greatest stability
z=z, and diffused downwards. The source of turbulence is pictured as a result of the
transfer of turbulence from the surface layer, the breaking of large amplitude internal
waves, Kelvin-Helmholtz instabilities induced by internal waves, and Reynolds stresses
resulting from the large velocity gradients at the top of the layer. Turbulence generated
at the bottom is not taken into account.

The steady-state velocity shear within the region below z; is assumed neg11g1ble
Anomalous shear layers of the type observed by Woods (1968) are regarded as a part
of the stochastic process at very low frequencies, |

The turbulent energy spectrum at each point in the region is ‘assumed to have the
following character: the energy input occurs predominantly through pressure fluc-
tuations in the inertial sub-range corresponding to internal gravity waves. The energy
flux in wave-number space is considered to be essentially absorbed by the increase of
gravitational potential energy within the sub-buoyancy regime (Phillips 1966, p. 233)
with a negligible flux to the dissipation regime. This model is best fulfilled at z; and
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could serve as a measure for classifying “strong pycnoclines™ since the usual Richardson
number criterion does not apply in the absence of velocity shear. For the sake of analysis
it will be assumed that dissipation is negligible throughout the entire lower region.
Thus, the net energy supplied to the region is assumed to be consumed by the increase
of potential energy of the fluid.

‘Theory. In the absence of friction, the mechanical energy equation is
| Dv 1 ' | ,
where v is velocif.y, p density, p pressure and g the acceleration of gravity. For an in-

compressible fluid, the conservation of mass implies Dp/dt =0 and with o - g=gv-Vz,
(1) becomes : _

D¢ _op
i (2)
where
b=p—o+p—pgz e

is the total energy density. With the elimination of hydrostatic equilibrium in (2),
- ¢ contains the total kinetic energy density and turbulent energy densities ¢’ and gp’z’,
in which 2’ is the vertical displacement of a particle from its hydrostatic equilibfium
within a density gradient. ' :

- The velocity field is v = +1’ where the overhead bar represents a stochastic mean,
with ¥ = —w,Vz, and the prime denotes turbulent fluctuations, Here, w,,, the velocity
of the eroding front (z;) of the pycnocline, is small compared to the vertical turbulent
fluctuation w’. Thus ¢ is essentially the total turbulent encrgy density.

With a turbulent field stationary relative to z;, the stochastic average of (2) reduces
to the divergence of the total turbulent energy flux - '

Dg _ S

With a horizontal divei'gence negligible compared to the vertical divergence, (4) becomes
_ 5 :

2 (w$) =0 | (5)

in which the stochastic mean represents integration over sufficient time and horizontal
extent to suppress stochastic fluctuations.
Both w and ¢ have stochastic means and fluctuations. Thus

dwad@ +wg1=0 - ®

for which triple correlations representing energy fluxes of various sorts are implicit.

R e 3 Lt T et e 2 e o e e o s e et e e R
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A corresponding expression for salt transport is
§[——wws(z) +w's'] =0 : {7)

where 5(z) represents the mean salinity and s* the turbulent fluctuation. A similar ex-
pression is obtained for heat transfer.

‘Analysis. To solve (6) and (7) for the structure of a halocline 5 (z), a relation
relating w’ to ¢ in terms of the stability, and analytic expressions for the correlations

w ¢’ and 's” are needed. This is accomplished by a series of approximations involving

a mixing-length concept.
The turbulent gravitational potential energy density of a particle w1th1n a region
of constant gravitational stability dp/dz is -

! o dp
gp'z =gz‘-2$ _ . {(8)

The distance a particle lies from its equilibrium position is

- Jwe.2 ' | 9

in which #' =0 is taken at the moment the particle crosses its equlhbrlum position. The
stochastic mean of the turbulent gravitational potential energy is thus®
—— —sdp : .
[ PNl ol
8p'2 =grtw" - (10)
in which 7 is a weighted time period characteristic of the turbulent energy spectrum.

In addition to the assumption that particle displacements occur within an essentially
constant density gradient it will be further assumed that ¢ varies little throughout the
pycnocline compared to variations in @', and is to be considered constant.

Since the gravitational potential energy depends only upon the vertical component
of turbulent velocity, an assumption of constant partition of ¢ among the three ortho-
gonal coordinates yields

; i f
#=pw (K, +K2d") (11)
in which K] is a partition constant for neutral stability and K, =g12K,/p is a weighting
factor which accounts for the linear effect gravitational stability has upon the turbulent
field. For the development which follows, p in (11) will be replaced by the density at
large depth, p,, without serious error, so that K, is independent of z.

For a fjord halocline in which the salinity gradient is the dominant cause of stability,

the density to a good approximation is

pep;+Ks (12)

o
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in which p, is the density for fresh water, s =5+ s’ is the salinity (%,) and K;20.0008 gr.
cm™2 (%,)7%. A corresponding expression for the case when the temperature gradient
is'a measure of stability gives K; = —0.0002 gr. cm™? (°C)~, although this varies some-
what with temperature and salinity. ' _ _

The correlation »'¢’ in (6) represents a selfdiffusion process. For this, 2 mixing
length model similar to (10) can be used (see Appendix). With ¢’ a linear function
of z, the stochastic mean becomes

w’¢l =K4w12

do(z)
: 13
p | | (13)
where K,, a period characteristic of the turbulent spectrum, contains the average local
correlation between ' and ¢’. As with 17, K, can be considered essentially constant
with depth. The term K,w™ acts as an exchange coefficient dependent upon in situ
turbulence and stability, ' ' '
A similar development for the transfer of salt gives
— ~—=d5(z) _
ref K [Flabl e I

w's _ = (14)
‘in which X contains the average correlation between z’ and s’y which, unlike K,,
is negative. _ L
+ As a result of turbulent “diffusion”, the pyenocline extends to infinite depth. At _

some large depth the exchange coefficients approach limiting values as stability and

energy consumption vanish. A lower bound for the analysis is chosen at an arbitrary
depth z =2z, for which dw"?/dz >0 and

iz =Kot o)

~ where K6 is a constant for each pycnocline. The condition d" %/dz =0 corresponds to
an exponential density profile, which is in good agreement with hydrographic ob-
servations fa_rybeneath the depth of maximum stability,

Structure of a strong pycnocline. With (14), the integral of (7) from z=ow is

—w,5(2) +K5z?‘2‘%z)= — S, (16)

where s, is an asymptotic value of s(z) at large depth., The transformations

Yo -—}(Z) =Sa° '—E(Z) _Px _‘ﬁ(Z)
o &= So—8  As —  Ap (17)
and |
— .Zz —-Z =22—Z )
(= —w KKy~ L ' (18)

- combine with (16) to give

&= )
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in which &(¢) =d&()/d¢. Here s, =5(z,) is the average salinity at the depth of maximum
stability and L is a characteristic length giving the proper scaling. For z=z,, (=0
-and from (15), &(0) =¢(0). The same equation is obtained for heat flux,

With (17) and (19), the turbulent energy density (11) is

F=KKw g1 +KY (20)

where K =ge(12/L), with aEAp/pw, is a ratio between the reduced gravity and an ac-
celeration associated with the turbulent field. _
‘With (18) and (17)—(20), (6) becomes, aiter some algebra

- dia(8) ) re-nseri(3) o

where R =K;/K,. Integration of (2”1)‘ twice from { =0 gives-

where 4, =2K(R-1), 4,=2R and 4;=—{d, -4, with §=¢(0). Here, a term

d(E]8)]d¢ evaluated at { =0 has been dropped by virtue of the expected asymptotic-

behavior of ¢({) for small {. _ : _
With the identity &/¢é=d(In&)/d, (22) is integrated to the exponential form

: . C BN ~%
c=toen (4 e §(§)a o) "ar| oy
The positive root is used because & has its least value for {=0.

Since the constant 1.0 dominates the integral in (23) for small ¢, the profile is an
approximate exponential function at that depth. This justifies a posteriori the omission
of the term [d(&/&)/d{],-, and allows for a direct numerical integration. The solution
£(¢ +AL) is calculated from integrals based upon the solution at { with A{-0.

The profile (), representing the structure of the pycnocline, is dependent upon
R, K and a reference value &. At the depth of maximum stability {,=(z,—2)/L,

é(gm) =1.0.

Evaluation of parameters. Numerical integration of (23) for some finite reference
value &, requires the evaluation of K and R, which are functions of the turbulence.
The dominance of pressure fields in the transport of energy implies R <1, as for momen-
tum transport. ' ,

The parameter K is evaluated from a minimum of empirical information for the
limiting case of strong stability. As & increases, R—0 (Ellison and Turner (1959))
and w_—0 (Turner 1968)) giving $(w)—$(z,), in the absence of molecular effects.
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With &(0)/€(0) = ¢({,,) =1.0, the solution of (21) for R =0 gives the constraint X <1.0.
The requirement ¢(0)/¢(z,) <1.0 gives the constraint o

1
K?.I.O—E———(cm) | - (29)

since &, is vanishingly small, Observations show that & (Lm)> 1 for strong pycnoclines
(e.g., Defant (1961), p. 119) so the approximation K 21.0 will be used for the Iimiting

case.
The strong pycnocline is a self-regulating systcm of in situ turbulence and stab111ty,

for which the maximum stability acts as a control point. For that part of the turbulent
spectrum for which vertical fluctuations are governed by gravitational stability, the
quotient of the scaled vertical turbulent accelerations L/z? and g remains essentially con-
stant as ¢ varies, Consequently, K =1.0 is expected to apply to a large range of stabilities.

Solutions of (23) for the limiting values R =0 and R= —1.0 and the limiting value
of K =1.0, representing strong pycnoclines, are shown in Fig. 2. A weak dependence
upon R is apparent. The ordinate is relative, depending upon the location of the
reference value &, Integration from ¢,=0.001 gives essentially the same results as
integration from smaller values. The exponential structure representing molecular
diffusion is also shown in Fig. 2. :

Comparison with observations. To compare the theory with observations, it
is necessary to compute the parameters giving the proper scaling. The parameters
S., & L and &, are calculated directly from the hydrography with at least three ob-
servations in the exponential region z 2z, and one observation at the depth of maximum
stability z=z,. Clearly §(z,) is difficult to determine without detailed measurements
unless it coincides with .the bottom of a homogencous mixed layer, as Tully (1958)
suggestsl. :

Numerical schemes involving threc equidistant observations sy_j, Sy and sy, in
the vicinity of z, do not give satisfactory results.- The computational accuracy improves
as (sy —3Sy-1)/(Sy+1—9y) = 1.0 in which case the accuracy of the measurements becomes
. critical, This is remedied by passing an a.symptotlca,lly smooth curve through the three
observations and using gradients.

The relation

ds(z)

S =}(_Z) dz (25)
is satisfied at two depths near zz,, and
L ds(z)

K | s

is evaluated from s(zl)

1 The depth of maximum stability is left unspecified. It is to be computed by the theory on the
basis of the observations in the lower region. -
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Figure 2. Hydrographic structure of strong pycnoclines below the depth of maximum gravitational

stability. Theory: molecular diffusion, — — - turbulent exchange. Data: ® Borgenfjorden,
salinity; A Hardangerfjord, salinity; x Indian Ocean, temperature; <+ Blindern, adiabatic air tem-
perature. Parametric values noted, ' ' "

The data presented in Fig. 2 fulfill the requirements of the theory to a satisfactory
‘degree. In Borgenfjorden (Stremgren et al. (1969)) the bottom water is stagnant and =
the rate of erosion is constant for a period of many weeks. The air layer at Blindern
(Sivertsen (1969)) is stationary for several days. o :
In Hardangerfjord! there is established a compensation current at 20—30 m depth
below which lie the remains of an earlier halocline. The temperature data for the
Indian Ocean (Defant (1961, p. 118)) are mean values taken over a long-term stochastic
process. A region of almost neutral stability at 500 m depth appears as a small perturba-
tion at { =3.4, ,
! Unpublished data, courtesy International Biological Project P, M. Section, Norway,
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The data imply that K =1.0 applies to a wide range of conditions and that there is
no- essential difference between salinity and temperature structure. Clearly, the turbu-
lent structure is fundamentally different from the molecular diffusion structure. The

approximate theory divides the structure of the pycnocline, below the depth of maximum -

stability, rather accurately into a region of exponential decay and a region of strong
stablhty, described earlier by Tully (1958).

Discontinuity Iayer If the region of large stability is interpreted as a ““dis-
continuity layer’ or “inversion layer”, its thickness is approximately L. This layer
extends from the depth of maximum stability to the depth at which 85%, of the total
density difference is observed, and serves as'a measure for comparatwe studies.- Within
this region vertical exchange is greatly reduced.

Exchange coefflclents. A vertical exchange coefficient for salt ﬂux is, from (14),
- A, =Kw™ This coefficient is largest in the homogeneous mixed layer above the pycno-
cline, is least at the depth of maximum stability, and increases with depth to an asymp-

totic value 4,( ) =K Kqw 2 as shown by Wyrtki (1961). From the definition of L (18),

the exchange coefficient at large depth is __ |
A,(c0) =Lw, . - _ (27)

which, for a shallow-silled fjord can be calculated from the hydrography taken at two
separate times. For the ocean, Wyrtki calculates w_ from the heat budget.
Since ¢(z) varies little throughout a strong pycnocline, the distribution of exchange

coefficient with depth, derived from (11), (14), (27), and the definitions of K, and K, .

is approximately

~ L dp(2)
Az_(z)=me(1 i ) | (28)

similar expression for the horizontal exchange coefficient 4, =Ku", with
u?=¢/K,; expressing equipartition of energy between the z and components gives

Afz)) _, L d.o

Az~ TR & (29)

z=3z,

at the depth of maximum stability. Due to advection currents in the homogencoue
mixed layer, observed values of A, /4, are often orders of magnitude larger than (29).

Discussion. A striking feature of strong pycnoclines is the “discontinuity layer”
within which gravitational stability plays a significant role in damping out the vertical
turbulent exchange process. An approximate transport theory with exchange coefficients
linearly dependent upon both in situ turbulent energy level and stabﬂlty describes
satisfactorily the structure of strong pycnoclines below the depth of maximum stability.
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The term “strong pycnocline’”” has been qualified twice: in the formulation of the
energy flux, dissipation was rendered negligible, and in the empirical evaluation of
K, Z({n)» 1.0 was used. It is'important that the total turbulent energy density is essen-
tially constant throughout the region below the depth of maximum stability. The success
of the present theory in predicting the structure is due to the fact that the primary role
of stability is not the production of potential energy, but rather the reduction of the
vertical transport properties of the fluid. The importance of energy ﬂux reduces as
R-0. '

The characteristic length L is a measure of the turbulent environment. It has a direct
relation to the vertical exchange process and can be used in comparative analyses.

Assuming the turbulent pycnocline to be a uniquely defined phenomenon in the
£,{ coordinates, systematic deviations from the computed structure can be interpreted
in terms of physical processes different from those taken into account by the theory.
This was already seen in the temperature structure for the Indian Ocean. It is not,
clear whether the perturbation has a hydrodynamic or hydrographic cause; however,
the hydrography is a composite of two thermoclines separated by a 100 m layer of neu-
tral stability which appears to have a passive role in the transfer of turbulent energy. .
As another example, observations from Sognefjorden (Skofteland (1970)) matched,
after trial and error, a tully developed structure of a strong halocline corresponding
to a larger-than-observed salinity in the homogeneous mixed layer. With the aid of
a T—S diagram, this was diagnosed as a rapidly decreasing salinity in the upper layer,
presumably a result of spring flood. The exponential tail of the pycnocline is an inte-
grated result of past events which can be used to estimate changes in external conditions
from observations at one pomt in time. This can, in principle, extend the mterprctlve"
value of hydrography. '
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Appendix. Criterion for turbulent self-diffusion.

Consider the mixing length model of Prandtl, but with the lump of fluid moving
inviscidly in quiescerit fluid surroundings. The induced velocity field contains an energy
which is proportional to the kinetic energy of the fluid lump in motion. This field,
producing local pressure fluctuations, moves with the lump so that the actual energy
transport associated with the motion contains a particle convection and a field convec-
tion, expressed as % = ~V - v —V - vod with ¢ a constant. This expresses the conser-
vation of ¢ within the reaches of the induced fields.

Due to the similarity of field convection and particle convection, the usual mixing
length concept can be applied. It requires only that the effective reach of the fields




No. 5, 1972 AN APPROXIMATE THEORY : 11

is contained within a linear ¢ gradient. A comparison of Prandtl’s momentum
transfer theory with Taylor’s vorticity transfer theory, in which pressure transfer is
implicit (Schlichting (1955)), gives ¢=1.0 for momentum transfer.

The criterion for application of mixing length theory to energy transport is

@?— —cv - V¢. Recent results of Nee and Kovasznay (1969) support the concept of

sclf—dlffusmn of turbulent energy accordmg to (13).
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